We propose and theoretically investigate a dispersionengineered Si 3 N 4 microring resonator, based on a crosssection containing a partially-etched trench, that supports phase-locked, two-color soliton microcomb states. These soliton states consist of a single circulating intracavity pulse with a modulated envelope that sits on a continuous wave background. Such temporal waveforms produce a frequency comb whose spectrum is spread over two widely-spaced spectral windows, each exhibiting a squared hyperbolic secant envelope, with the two windows phase-locked to each other via Cherenkov radiation. The first spectral window is centered around the 1550 nm pump, while the second spectral window is tailored based on straightforward geometric control, and can be centered as short as 750 nm and as long as 3000 nm. We numerically analyze the robustness of the design to parameter variation, and consider its implications to self-referencing and visible wavelength comb generation.
Optical frequency synthesis [1] , low-noise microwave generation [2] , and optical atomic clocks [3] often rely on a fullystabilized optical frequency comb as a core component [4] . Stabilization of the comb's carrier-envelope offset frequency is typically achieved via nonlinear interferometry, such as f -2 f self-referencing [5] [6] [7] . Optical frequency combs based on Kerr nonlinear microresonators [8] have recently emerged as a compelling approach to realizing compact, low-power operation, with octave-spanning soliton microcombs [9, 10] having recently been self-referenced [11, 12] . Despite these recent advances, direct self-referencing of Kerr microcombs is quite challenging, with experimental demonstrations to date having required helper/transfer lasers, phase locked to a nearby comb tooth, to achieve detectable offset frequency beat notes [11] [12] [13] . The use of such lasers comes at the expense of additional system complexity, component cost, and operating power. A fundamental challenge in self-referencing a Kerr microcomb is that solitons have thus far been the only states to experimentally exhibit both the requisite broad spectral bandwidth and phase coherence across the comb, but the soliton's characteristic squared hyperbolic secant spectral envelope limits the power in the comb lines relevant for self-referencing. Soliton-induced dispersive wave emission [11, 14] has been identified as a means to dramatically enhance the power available in the relevant comb teeth, but the ideal scenario of achieving precise control of two dispersive waves (preferably at f and 2 f ) is a significant challenge [15] , in particular due to their narrow spectral width and the sensitivity of the phase-matching conditions to geometric parameters [16] . In addition, developing soliton microcombs to cover other spectral windows, for example, to connect to visible wavelength atomic systems for clocks or to longer wavelengths for spectroscopy, often requires a wavelength change in the pump laser source. To overcome such challenges, the generation of multi-color single soliton states as proposed in Ref. [17] is of great interest. These states ( Fig. 1(a) ) produce a spectrum that is broken up into multiple windows, each of which exhibits a sech 2 envelope. Temporally, they still consist of a single pulse circulating through the cavity, sitting on a continuous wave background, but their envelope exhibits modulations consistent with the multiple central frequencies . An open question is the degree to which realizable devices can exhibit the necessary dispersion profile to support such states, and the extent to which the dispersion can be optimized for specific applications.
Here, we present the theoretical analysis of a fabricationfriendly design for the generation of two-color soliton states, based on a straightforward modification to Si 3 N 4 resonators that have successfully exhibited octave-spanning (single color) soliton states [9] . Each soliton color is supported by a local region of anomalous group velocity dispersion (GVD), and phasematching of the two regions phase locks the two soliton colors to each other. Simple geometrical changes keep one soliton color centered at 200 THz (1550 nm) while the position of the second color is widely varied from 100 THz (3000 nm) to 400 THz (775 nm), with comb teeth at wavelengths as short as 680 nm. As we describe below, this is an appealing approach for the realization of self-referenced microresonator frequency combs that can address multiple relevant spectral regions, all while being pumped by a telecommunications-band laser.
To support a two-color soliton state as schematically depicted in Fig. 1(a) , a Kerr microresonator must support a GVD profile that contains two anomalous GVD regions (and hence four zero-dispersion crossing points), each of which sustains a color of the soliton, and the two anomalous GVD windows must be phase-matched to allow energy exchange between the two soliton colors. As the basic rectangular (or trapezoidal) cross-section used in broad soliton microcombs to date only results in one anomalous GVD window, a more complex geometry must be introduced. A number of groups have considered such complex dispersion engineering, with most approaches relying on a layered cross section consisting of materials such as Si 3 N 4 , SiO 2 , and SiC [18] [19] [20] [21] . However, such an approach introduces additional challenges in fabrication, in requiring the deposition, and in some cases, etching, of additional materials with fine control of dimension. In particular, we have found that the thickness control required to generate an appropriate dispersion profile for two-color solitons in the Si 3 N 4 /SiO 2 platform is quite strict. Our proposed geometry, depicted in Wavelength (nm) The trench is the key enabling feature for the requisite dispersion engineering, in enabling control of the spectral position and strength of an avoided mode crossing between the two first sets of transverse electric (TE) modes, namely TE 1 and TE 2 . The effective index, group index, and dispersion of the these two modes are computed ( Fig. 2(a)-(c) ) using a finite-element method eigensolver that includes material dispersion models for Si 3 N 4 and SiO 2 . Both modes exhibit a first anomalous dispersion region around 200 THz, due to the compensation of the material dispersion by the ring dispersion (combination of waveguiding and bending effects). An avoided mode crossing around 400 THz (Fig. 2(a) ) leads to a second anomalous dispersion region for the TE 2 mode around this frequency (Fig. 2(b)-(c) ). This is similar to the recently reported anomalous dispersion generated by the avoided mode crossing between symmetric and anti-symmetric modes in concentric coupled resonators [22] . In addition, the two regions match both group and phase velocity ( Fig. 2(b)-(c) ). Indeed,the integrated dispersion, defined by
, where µ is an integer representing the relative mode number from the pumped one, ω 0 is the he angular frequency of the pumped mode, ω µ the angular frequency of the µ th mode, and D 1 the free spectral range of the resonator, is zero for both the pumped mode and the central frequency of the anomalous dispersion region created by the avoided mode crossing. This allows energy transfer through Cherenkov radiation [23] between the two regions. Hence, by pumping one anomalous dispersion region and creating a first soliton color, power is transferred to the other anomalous dispersion region, ultimately leading to the formation of a second soliton color [17] .
To investigate frequency comb generation in the soliton regime of this two matched anomalous GVD design, the LugiatoLefever equation [24] , taking into account the dispersion of the TE 2 mode previously computed, is solved in the temporal domain and results in the bound two-color soliton frequency comb represented in Fig. 3(a)-(c) . Here we use a coupling and intrinsic quality factor Q c = Q i = 6 × 10 6 and a pump located in the C-band with a power of |E in | 2 = 600 mW. The obtained spectrum exhibits two characteristic sech 2 envelopes at the positions of the two anomalous dispersion regions, namely 200 THz and 400 THz (Fig. 3(c) ). An important aspect to point out is that the two colors of the comb are part of a single soliton pulse, and are thus temporally bound and phase-locked, as represented in the spectrogram in Fig. 3(a) . The result is a temporal single soliton pulse with a modulated envelope (Fig. 3(b) ) due to the beating between the two spectral comb regions |S(t)
, where ω {1,2} are the central frequencies of the two frequency combs, and ∆τ {1,2} are the temporal widths of the uncoupled solitons generated by each anomalous dispersion region with peak power P {1,2} .
While it is important to point out the fabrication simplicity of our design, we need to ensure that the two-color soliton behavior is reasonably robust with respect to expected fabrication tolerances. Hence, simulations are performed where all the parameters from Fig. 1 are tuned independently, from which we extract the integrated dispersion and the position of both the pumped and the Cherenkov frequencies where the phase matching condition is respected, which in first order approximation corresponds to where D int = 0. The least sensitive parameter is the inner width (Fig. 4(a)-(b) ), which is consistent with the fact that it corresponds to the biggest component of the trenched microring, while the most sensitive parameter is the etch depth (Fig. 4(c)-(d) ) as a variation of a few percent of the dimension could lead to a change in the central positions of both anomalous GVD windows. However, even with a variation of ±20 nm from the nominal etch depth (i.e., consistent with the expected fabrication uncertainty), the ability to achieve two phase-locked anomalous GVD regions remains. Interestingly, the width of the etched trench (Fig. 4(e)-(f) ), has only a limited influence on the spectral positions of the two anomalous GVD regions. As pointed out in ref. [22] , this dimension tunes the coupling between TE 1 and TE 2 . Thus, for a narrower trench (i.e. stronger coupling), the integrated dispersion in between the two anomalous GVD regions is higher than for a wider trench (i.e. weaker coupling), as the avoiding mode crossing is steeper. Finally, it is worth pointing out that the outer width (Fig. 4(g) -(h)) allows one to tune the frequency of the Cherenkov radiation without modifying the pump frequency.
Given the possibility shown above to modify the frequency position of the Cherenkov radiation without having to strongly modify the pump wavelength, we show here that this trench 5 . Spectra of the bound two-color soliton frequency comb for different design parameters tuning the center of the second soliton color at 100 THz (orange), 300 THz (green) and 400 THz (blue) while still pumping around 200 THz; 0 dB is referenced to 1 mW (i.e., dBm).
design allows tuning of the frequency position of the mode crossing, and thus engineering the position of the second anomalous dispersion region to suit the application. Figure 5 shows the two-color soliton frequency comb spectra for different geometric parameters. The dispersion of the TE 2 mode is computed and the resulting soliton frequency combs are simulated using the temporal LLE as discussed above. The same intrinsic and coupling quality factor and the same pump power as the nominal design producing the reported 200 THz/400 THz two-color soliton comb in Fig. 3 are used. While the directly pumped soliton color remains centered near 200 THz in all the cases studied, the second color central frequency goes from from 100 THz to more than 400 THz by simple geometrical tuning of different parameters of the trenched microring. For the 100 THz second color comb, the pump is situated in the anomalous GVD region created by the avoided mode crossing while for the other cases the pump lies in the anomalous GVD region created by the compensation of the material dispersion by the ring. The second color of the soliton comb can be tailored to reach any value between these two extreme cases through appropriate choice of the geometrical dimensions. As noted in the figure, this twocolor soliton approach enables a direct connection between the telecommunications bands and several wavelengths of interest for atomic spectroscopy and clocks.
This design has exciting potential in the ability to selfreference microcombs. As we have shown, the two-color soliton frequencies can be harmonic (e.g., 200 THz/400 THz or 200 THz/100 THz), so that in contrast to recent octave-spanning soliton microcombs [9, 10] , the pump can directly take part in self-referencing. As the pump can be ≈20 dB stronger than any other comb line in a soliton, this is of significant benefit, particularly in the 200 THz/400 THz case, where the pump would be frequency doubled. Compared to dispersive wave emission, use of a second soliton color in self-referencing provides a much more slowly decaying spectral envelope, easing the strict fabrication requirements needed to achieve harmonic dispersive wave emission. Finally, we anticipate that increasing the number of soliton colors (e.g., three-color or four-color solitons) should be possible by including multiple trenches within the resonator cross-section.
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